Trig Identities:

Foirmli uillinneacha comhshuite

1 cos(A4+ B) = cos Acos B —sin Asin B
3 sin( A+ B) =sin Acos B + cos Asin B

tan A +tan B

5 T -

Compound angle formulae

cos(A— B)=cos Acos B +sin Asin B

sin{ 4 = B) =sin Acos B — cos Asin B
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6 [an{A_B)=M__um_B;
I +tan Atan B

Foirmli uwillinneacha dabailte

7/ cos2A4=cos’ A-sin’ A
Q sin24 = 2sin Acos 4

10 cos®™ A=1(1+cos24)

12 sin? .4=-._l,-(l -c0s2A)

Double angle formulae

8 mnz_.‘:mn—f
I-tan” A

11 1-tan’ A

cos2A= -
l+tan~ A

13 iz
l+tan” A

lolraigh a thiontd ina suimeanna agus ina ndifriochtai

Products to sums and differences

14 2cos Acos B = cos(A + B) + cos(A - B)
15  2sin Acos B =sin(A + B) + sin(A - B)
16 2sin Asin B = cos(A ~ B) - cos(A + B)
17 2¢os Asin B = sin(A + B) —sin(A - B)

Suimeanna agus difriochtai a thiontd ina n-iolraigh
18 cos A +cosB =2cos
19 cos A—cos B = -2sin A+B
20 sin A +sin B = 2sin

21 sin A—sin B = 2cos

A+ B A

Sums and differences to products
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22 cos’ A+sin® A=



Proof of Trig Identities:

1) To prove: cos®? A + sin? 4 =1

Using Pythagoras Theorem:
(cos A)? + (sin A)? = (1)?
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=>cos?A+sin?A=1 \
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2) To prove: cos(A — B) = cos A cos B + sin Asin B

Let P(cosA,sinA) and Q(cos B, sin B) be two points on a unit circle.

Using distance formula:

|PQ| = y/(cos A — cos B)? + (sin A — sin B)?
|PQ|? = cos? A + cos? B — 2 cosAcosB + sin? A + sin? B — 2sin Asin B
= (cos? A + sin? A) + (cos? B + sin? B) — 2(cos A cos B + sin A sin B)
=1+ 1—2(cosAcosB +sinAsinB)
=2 —2(cosAcosB + sinAsinB)

Using Cosine Rule to find |[PQ]| instead:
|PQI? = (1)? + (1)? — 2(1)(1) cos(4 — B)
=> |PQ|* =2 —2cos(A—B)
Equating the two expressions for |PQ|*:
2—2cos(A—B) =2—2(cosAcosB + sin Asin B) (—2)
=> —2cos(A — B) = —2(cos A cos B + sin A sin B) (+-2)

=>cos(A —B) = cosAcosB +sinAsinB
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3) To prove: cos(A+ B) = cos Acos B —sin Asin B

We know from (2) that:
cos(A — B) =cosAcosB +sinAsinB
If we fill in —B instead of B:

cos(A — (—B)) = cos A cos(—B) + sin A sin(—B)
=> cos(A + B) = cos A cos(—B) — sin A sin(—B)
Since cos(—B) = cos(B) and sin(—B) = —sin(B)

=>cos(A+ B) = cosAcosB +sinAsinB




4) To prove: sin(4 + B) = sinA cos B + cos Asin B

We know from (2) that cos(A — B) = cosAcos B + sin Asin B

If we fill in 90 — A instead of A, we get:
cos((90 — A) — B) = cos(90 — A) cos B + sin(90 — A) sin B

From the diagram on the right:
sin(90 — 4) = X cos A
y
z
cos(90 — A) = ; =sinA

=>c0s((90 — A) — B) = sinAcosB + cos Asin B
= cos(90 —(A+ B)) =sinAcos B + cosAsinB

=>sin(A + B) = sinA cos B + cos Asin B

5) To prove: sin(A — B) = sin A cos B — cos Asin B

We know from (4) that sin(4 + B) = sinA cos B + cos Asin B
If we fill in —B instead of B:
sin(4 + (—B)) = sin A cos(—B) + cos A sin(—B)
=>sin(A — B) = sinA cos(—B) + cos Asin(—B)
Since cos(—B) = cos(B) and sin(—B) = —sin(B)

=>sin(A — B) = sinAcosB — cos AsinB

6) To prove: cos 24 = cos®> A —sin® A

We know from (3) that cos(4 + B) = cos Acos B — sin Asin B

If we replace B by 4 we get:
cos(A+ A) =cosAcosA —sinAsinA

=>cos 24 = cos? A —sin? A




tanA + tanB
—tanAtan B

7) To prove: tan(4 + B) =

tan(A + B) _ sin(A+B)

__sinAcosB+cosAsinB

cos(A+B)

We now divide each of the four terms by cos A cos

sin A cosB ;es?lsmB
cos A cosB ;es?lcosB

cosAcosB+sinAsinB

B:

Using (3) and (4)

tan(4 +B) = cosA/os’B‘ sin A sin B
cos A ggs/B cos A cos B
tanA + tanB
= tan(A + B) " 1-tanAtanB
. e .. a b ¢
8) To prove: Sine Rule: — = — = —

Area of the friangle shown = %ab sinC

1 ) 1 ) 1 .
EabsmC = EacsmB = EbcsmA

N 1 .
Dividing all three by ~abc gives: b
~absinC %ac sinB %bc sin A
T =1 =3 a
sabc sabc sabc
= sinC _ sinB sin A
- c b a
a b c
=> = =
sin A sin B sinC
9) To prove: Cosine Rule: a*? = b? + ¢* — 2bccos A
Consider the triangle shown on the right. Note:
i
Using the distance formula to find a: (A, bsiut) b ;
b « g
= J(bcosA—c)? + (bsinA — 0)2 A A) Jf
0,0 -~ x
=>a? = b?cos? A+ c¢? — 2bccos A + b?sin* A e ) i x
CosA = 5

=> a? = b?(cos? A + sin? A) + ¢? — 2bccos A
=>a? = b?(1) + c*> — 2bccos A

=>a? =b%? 4+ c?>—2bccosA

=>x =bcosA

. y
A==
sin 5

=>y = bhsinA




