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Sample Paper 1
Question 1

(a)
A car of mass 1200 kg starts from rest and travels along a straight horizontal road.
The engine of the car exerts a constant power of 3000 W.

If there is no resistance to the motion of the car, find

(i) the speed of the car after 3 minutes

(ii) the average speed of the car during this time.




(b)

A smooth sphere P has mass m and speed u. It collides
obliquely with a smooth sphere Q, of mass m, which is at
rest. Before the collision, the direction of P makes an angle b

a with the line of centres, as shown in the diagram. M—/
The coefficient of restitution between the spheres is %
During the impact the direction of motion of P is turned through an angle £.

2tana

Show that tan f = Ti3tanz o’




Question 2

()
A train takes 40 minutes to travel from rest at station A to rest at station B. The
distance between the stations is 20 km. The train left station A at 10:00. At 10:15 the
speed of the train was 32 km h™ and at 10:30 the speed was 48 km h™2.

The speed of 48 km h™! was maintained until the brakes were applied, causing a
uniform deceleration which brought the train to rest at B.

During the first and second 15-minute intervals the accelerations were constant.

(i) Draw a speed-time graph of the motion.

(ii) Find the time taken for the first 16 km.

(iii) Find the deceleration of the train.




(b)

I g2YlLy GF1S&a 2dz0 | t21y 2F emMunInnn
agrees to a 1fear loan at a monthly percentage rate (MPR) of 0.4%.

() What is the annual percentage rate correct to 3 decimal places?

(i) IfO is the amount of debt owing aftér months and the amount she pays back
each month, write down a difference equation@.

(i) Solve the difference equation.




(iv) Find, to the nearest cent, the amount she will have to pay back every month.




Question 3
(a)

The diagram shows a light inextensible string having one end

fixed, passing under a smooth movable pulley C of mass km kg
and then over a fixed smooth pulley. The other end of the
string is attached to a light scale pan. A bock D of mass m kg is
placed symmetrically on the centre of the scale pan.

The system is released from rest. The scale pan moves upwards. C

(i) Show that k> 2.

(ii) Find, in terms of k and m, the tension in the string.

(iii) Find, in terms of k and m, the reaction between D and the scale pan.




(b)

(i) Evaluate the following: & | 0h&Q ®

(i) An elastic constant has natural length and elastic constant ™ 71 . Find the
work fone in stretching the string to a lengthyf .




Question 4

(a)
A particle is projected from a point on horizontal ground. The speed of projection is
14 m s~ at an angle a to the horizontal.

Find the two values of a that will give a range of 10 m.

10



(b)
A 60 gram mass is projected vertically upwards with an initial speed of 15 m st and

half a second later a 40 gram mass is projected vertically upwards from the same point
with an initial speed of 22:65 m s™%.

(i) Calculate the height at which the masses will collide.

The masses coalesce on colliding.

(ii) Find the greatest height which the combined mass will reach.

11



Question 5

(a)

Aoife is a Leaving Cert student. During her exams, she has a bréakag$. She
decides to dedicat¢hree ofthese days to studying the three subjects she has left
(Classical Studies, Economics and Applied Maths). She will not divide up any de
between two or three subjects but will spend each day studying one particular
subject. She reckons that she will improver percentage mark by the following
amounts:

Number of days 1 2 3

Increase in Classical Studies 1% 21% 26%
Increase in Economics 9% 17% 27%
Increase in Applied Maths 12% 20% 25%

How many days should Aoife allocate to each subject in order to improve her grades
by the maximum amount?
Subject | Days Availabl{ Days Allocateg Days Leff % Increase

12



(b)
A smooth slide EFG is in the shape of two arcs, EF and FG,

each of radius r. The centre O of arc FG is vertically below
F as shown in the diagram.

Point £ is at a height E above point F. E

A child starts from rest at £, moves along the slide past
the point F and loses contact with the slide at point H.
OH makes an angle 8 with the vertical.

(i)  Find the value of 6.

F————-—-——-—=

o

13



The child lands in a sandpit at point K.
(ii) Find, in terms of r, the speed of the child at K.

14



Question 6

(a)

A small smooth sphere A, of mass 3m moving with speed u, collides directly with a
small smooth sphere B, of mass m moving with speed u in the opposite direction.

The coefficient of restitution between the spheres is %

(i)  Find, in terms of u, the speed of each sphere after the collision.

15



After the collision B hits a smooth vertical wall which is perpendicular to the direction
of motion of B. The coefficient of restitution between B and the wall is %

The first collision between the spheres occurred at a distance 2 metres from the wall.
The spheres collide again 4 seconds after the first collision between them.

(ii)) Find the value of u.

16



(b)
A particle starts from rest and moves in a straight line with acceleration
(25 —10v) ms?, where v is the speed of the particle.

1
(i) Aftertimet, find v in terms of t. (Note: f =3 In|a + bx| + ¢).

dx
a+bx

(ii) Find the time taken to acquire a speed of 2:25 m s and
find the distance travelled in this time.

17



Question 7

(a)

A steamboat of masst has a power output op & watts. When the boat is
travelling at speed, the water exerts a drag on the boat@fQinewtons, whereQ
is a constant. The maximum speed of the boai ¢s7i .

(i) Find the value of

(i) The maximum acceleration¥® a 7i when the speed of the boat & Find the
value ofo.

18



(b)
A particle P travelling in a straight line has a deceleration of 4v™" 1 m s,
where n (> 0) is a constant and v is its speed at time t (> 0).

P has an initial speed of u.

(i) Find an expression for vin terms of u, n and t.

(ii) When n =3 obtain an expression for the speed of P when it has travelled a distance
of 3 m from its initial position.

19



Question 8

(a)

A small smooth sphere A, of mass 1-5 kg, moving with speed 6 m s, collides
directly with a small smooth sphere B, of mass m kg, which is at rest.

After the collision the spheres move in opposite directions with speeds v and 2v,
respectively.

80% of the kinetic energy lost by A as a result of the collision is transferred to B.
The coefficient of restitution between the spheres is e.

(i) Find the value of v

(ii) Find the value of e

20



(b)

A patrticle is projected vertically upwards with an initial speed’@f #i in a medium
in which there is a resistance @ U per unit mass wher® is the speed of the
particle andQis a constant, wher&® Tt

Prove that the maximum height reachedHd Ip 1TQQ

21
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Sample Paper 2
Question 1

(a)
A parcel rests on the horizontal floor of a van.

The van is travelling on a level road at 14 m s*.
It is brought to rest by a uniform application of the brakes.

2
The coefficient of friction between the parcel and the floor is 5

Show that the parcel is on the point of sliding forward on the floor of the van if the
stopping distance is 25 m.

23



(b)

A particle, of mass m falls vertically downwards under gravity.

At time t, the particle has speed v and it experiences a resistance force of
magnitude kmv, where k is a constant.

The initial speed of the particle is u.

(i) Showthatv = %— (% — u) ekt attime't.

(i) fu=98mstandk = 0-98s71, find the distance travelled
by the particle in 4 seconds.

d 1
(Note: frzx = glnla + bx| + ¢).

24



Question 2

()

Beatrix is going to college next year. She buys a new laptop for her studies. She wi
0S Ay O2ft€tS3S F2NIn &8SIFENBR®D® ¢KS I LIG2L
has at the end of the 4 years. The replacement value for this laptop each year anc
the maintenance costs are shown in the tables below:

Years old 1 2 3 4 Years 1 2 3 4
Value (€) 1400 900 400 100 Maintenance Cost(€) 50 200 300 350

() If Beatrix replaces her laptop after 2 years and sells again after 4 years, what wil
her costs amount to?

(i) Use dynamic programming to find the minimum possible costs and the strategy
which gives rise to it.

25



(b)

A smooth sphere, A, of mass m collides obliquely with u

another smooth sphere, B, of mass m.
Before impact, A is moving with speed v at an angle « to the A

line of centres of the spheres, where 0° < a < 45°. W

B is at rest before the impact.
The coefficient of restitution for the collision is e.

(i) Find the speed of A and the speed of B after impact in terms of u, e and «.

26



(ii)

Given that A is deflected through angle a because of the collision, show
that tan? a = e.

27



Question 3

(a)

The acceleration of a particle @ni ) is determined by the equation

@ U ¢ uwfi . Find the distance travelled by the particle in this time (to 3

significant figures).

28



(b)
A block A of mass 10m on a smooth plane inclined at

an angle a with the horizontal, where tan a = %, is

connected by a light inextensible string which passes

over a smooth pulley to a second block B of mass 10m.

B is 24-5 cm above an inelastic horizontal floor, as
shown in the diagram.

The system is released from rest.
Find

(i) the acceleration of B

(ii) the time that B remains in contact with the floor.

29



Question 4
(a)

A particle is projected with speed 40 m s~ from a point A
on the top of a vertical cliff of height 30 m.

The maximum height reached by the particle is 42 m A A
A

above the horizontal ground, at point B.
It strikes the ground at C.

Find
(i) thevalue of @, the angle of projection

(ii) the horizontal range of the particle




(iii) the speed of the particle as it hits the ground at C.

(b)
A particle is projected horizontally along a smooth horizontal surface with initial speed
80 m s, The particle has a retardation of% m s72, where v is the speed.

Find

(i) the speed of the particle after t seconds

31



(ii)

the distance travelled in t seconds

(iii)

the speed v in terms of the distance travelled, s.

32



Question 5

(a)
A smooth sphere A of mass 4m, moving with speed v on a smooth u
horizontal table collides directly with a smooth sphere B of mass m,

—
moving in the opposite direction with speed u. @

The coefficient of restitution between A and B is e.

(i) Find the speed, in terms of u and e, of each sphere after the collision.

u
-«

33



The magnitude of the impulse on B due to the collisionis T.

(i) Show that “‘T“ <T< 16;"'“.

34



(b)

In a certain state in America, the population of pheasants is 25,000. The gun clut
release 3000 pheasant chicks into the wild every spring. The chances of a pheasal
surviving through the shooting season and into the next year is 0.15.

() If0 = the pheasant population in the state afterears, write down a difference
equation which describes this situation.

(i) Giventhahl ¢ v T find 0 in terms oft.

(iif) Estimate the pheasant population after 3 years.

(iv) Show thath approaches a steady state as the years go on and find that steady
state.

35



Question 6
(a)
A particle of masé is moving in such a way that its displacement (in metres) at time
0(in seconds) from a fixed pointis given by
b 1AITGp 10EI0p
(i) Show that the magnitude of its displacement fronis a constant .

(i) Find the acceleration vector at any timae

(iii) Show that the force exerted on the particle is directed towaibdand is of
magnitudeda) .

36



(b)
Car C, moving with uniform acceleration f passes a point P with speed u (> 0).
Two seconds later car D, moving in the same direction with uniform acceleration 2f

passes P with speed gu. Cand D pass a point Q together. The speedsof Cand D at Q
are 6.5 m st and 9 m s7! respectively.

(i) Show that C travels from Pto Q in (% + 5) seconds.

(ii) Find the value of f.

37



Question 7

()
One end A of a light elastic string is attached to a fixed
point. The other end, B, of the string is attached to a particle
of mass m. The particle moves on a smooth horizontal table
in a circle with centre O, where O is vertically below A and

|AO| = h. The string makes an angle 6 with the downward
vertical and B moves with constant angular speed w about OA.

(i) Show that w? g%.

38



- 2m
The elastic string has natural length h and elastic constant Tg

(i) Giventhat w? = i—i , find the value of 6.

39



(b)
1

A particle 1s projected vertically upwards with a velocity of # m s™.
After an mterval of 2 seconds a second particle is projected vertically upwards from the
same point and with the same initial velocity.

They meet at a height of 7 m.
2 2.2
Show that 4 = vogr .
2g

40



Question 8

(a)
One method of dyeing a piece of cloth is to immerse it in a container which has
P grams of dye dissolved in a fixed volume of water.

The cloth absorbs the dye at a rate proportional to the mass of dye remaining.

dx _

where tis time in seconds, x is the mass of dye absorbed by the cloth and k = 5—10.
(i) Find the time taken to dye a piece of cloth if a mass of gP needs to be absorbed

to reach the desired colour.
dx 1
(Note: fm — ;lnla + bx| + ¢)

41



An alternative method is to keep the mass of dye present in the water constant at
P grams by continuously adding dye throughout the process.

(ii) Find the time taken to dye the piece of cloth to the desired colour using this
method.

42



(b)

A small particle hanging on the end of a light inextensible string 2 m

long 1s projected horizontally from the point C.
Calculate the least speed of projection needed to ensure that the

)
particle reaches the point D which is vertically above C.

pmm———

43



(i)

If the speed of projection is 7 m s™! find the angle that the string
makes with the vertical when 1t goes slack.

44
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Question 1

(a) Adirected graph is represented by the adjacency matrix M = (

(i)

Draw the graph represented by M.

1

(ii)

Calculate M2,

(iii)

What information is provided by the elements of M??

46



(b)

A gardener plants a new fruit tree which has three new branches. In a branch’s first year of
growth it will not produce any additional branches. Each branch will produce one additional
branch every year after that.

The gardener models this growth pattern by defining U,, to be the number of branches on
the tree n years after planting, with Uy = 3 and U; = 3.

Write down the values of U, and U;.

(ii)

Write down a difference equation for U,,,, in terms of U,,,; and U,,, wheren > 0, n € Z.

(iif)

Solve this difference equation to find an expression for U,, in terms of n.

47



(iv)

Plants must be cut back regularly to allow them room to grow. How many of the old
branches should be removed at the end of year 4 to ensure that there are exactly
14 branches at the end of year 5?

48



Question 2

The diagram below shows the scheduling network for a project to manufacture a new chemical
compound. The network provides some information about the relationships between the twelve
activities that have to be completed as part of the project.

The edges of the network represent these activities and are labelled with the letters A to L.

The unlabelled edges (shown with dashed lines) do not represent real activities but they help
explain the order in which the activities must happen. The letters used to label the edges should
not be taken as representing the order in which the activities happen.

The nodes of the network represent events or points in time during the project. The source node
is the time when the project begins and the sink node is the time when the project ends.

C

source
node

sink
node

(i) Complete the table on the next page by listing, for each activity, the other activities on which

it depends directly. That is, for each activity X € {C,D, E, ..., L}, write the smallest possible
list of other activities which need to be completed before activity X can begin.

Activities A and B do not depend on any prior activities, so the list is empty for these
activities, as shown.

Use the space below to show relevant supporting work, if necessary.

49



Activity Depends directly on ...

A _

B —

)

Tl |m|=m|o

b—

J
K

L

For each of the statements in parts (ii) and (iii) below, state whether you agree or disagree with
the statement. Use the scheduling network and/or your answer to part (i) to justify your answer
in each case.

(if)  Activity D must be completed before activity (.

(iii)  Activity E must be completed before activity H.




The time, in days, to complete each of the activities A to L is given in the table below and has also
been included in the network redrawn on this page.

Activity A B C D E F G H | ] K L

Time (days) 5 3 6 9 4 2 8 4 11 2 7 5

(iv) Calculate the early time and the late time for each event.

Complete the diagram below by writing the early time (upper box) and late time (lower box)
at the node representing each event.

C(6)

A(5) B8 ) e H(4)

source i I(11) L@) sink
node node

B(3) A A A
F(2) G(8)

J(2)

Use the space below to show relevant supporting work, if necessary.

51



(v) Write down the critical path for the network.

(vi) Write down the minimum time, in days, needed to complete this project.

(vii) Select any one non-critical activity on the network and calculate its float, in days.

(viii) The project is due to begin on the morning of July 1t. The key worker needed to carry out
activity ¢ will be away on holidays when the project begins.

What is the latest date on which this worker could return to work without necessarily
causing the project to be delayed? Justify your answer.

52



Question 3

(a) A particle has initial displacement s, from a fixed point P. It moves away from P with initial

dv  dZs

velocity u and constant acceleration a = TR

Use calculus to derive an expression for s, the displacement of the particle from P at any
time t.

53



(b)

(i)

Two athletes, Brian and Clara, are taking part in a relay race. Brian is preparing to hand over
the baton to Clara. During the hand-over of the baton the athletes need to be running in the
same straight line and at the same velocity.

As Brian approaches Clara’s position at a constant speed of 11 m s™, Clara starts running
from rest with constant acceleration f.

A short time later Brian begins to decelerate at 2 m s™2.
Clara receives the baton 2.5 s after she starts running.

The baton is exchanged when Clara is 75 cm ahead of Brian and when both athletes have a
speed of 8 ms™.

After the baton is exchanged, Brian continues to decelerate at 2 m s~ until he comes to rest.
Clara continues to accelerate at f until she reaches her maximum speed of 12 m s™%, which
she then maintains.

Calculate the time it takes for Brian to decelerate before he exchanges the baton.

54



(i)

Using the axes below, draw an accurate velocity-time graph for the motion of each runner.
Time is measured from the instant that Clara begins to run.

Relevant calculations should be shown in the space below.

velocity (m s71)

12

10

time (s)

55



(iii)

Calculate the distance between the two athletes when Clara begins to run.

56



Question 4

(a) A ballis projected from a point on horizontal ground, with initial speed u and at an angle «
to the horizontal. The ball reaches a maximum height of H, above the horizontal.

Upon landing, the ball bounces with a maximum height of H;.

The coefficient of restitution between the ball and the ground is e.

. H
(i) Calculate =2
Hl

57



(ii)

The ball continues bouncing. Find an expression (in terms of e and H;)) for Hg, the maximum
height of the ball after it lands on the ground for the fifth time.

58



(b)

(i)

Two identical smooth spheres, P and @, each
moving with speed u, collide obliquely. The line
joining their centres at the point of impact is along
the 7 axis.

Before the collision, the velocity of sphere P makes
an angle 0 with the T axis and the velocity of sphere
Q makes an angle 6 with the j axis, as shown in the
diagram.

The coefficient of restitution between the spheres is ¢, where 0 < e < 1.

After the collision sphere Q moves off parallel to the J axis.

tan -1
tan 8+1°

Show that e =

59



(i)

If 25% of the spheres’ total kinetic energy is lost during the collision, calculate 8 and e.

60



Question 5

(a) Inthe network shown below, the edges represent roads and the nodes represent the
junctions of two or more roads, labelled with the letters A to N. The weight of each edge
represents the distance (in km) between a pair of junctions.

C 23 G

16

E 18 H

(i) Use Dijkstra’s algorithm to find the shortest path from junction A to junction N.
Calculate the length of the shortest path. Relevant supporting work must be shown.

61



(ii)

A group of engineers want to close down some of the roads to carry out maintenance work.

They wish to close down as much of the road network as possible while still allowing a
person to drive between any two junctions on the network.

Using an appropriate algorithm, find the minimum spanning tree for the network.
Name the algorithm you used. Relevant supporting work must be shown.

62



(b)

(i)

A rumour may be spread when a person who has heard the rumour interacts with a person
who has not heard the rumour.

Therefore, the rate of spread of a rumour within a group can be modelled as being
proportional to the product of the number of people in the group who have heard the
rumour and the number of people in the group who have not heard it.

A student models the rate at which a certain rumour spreads within a school population
of 1200 students using the differential equation:

aR _ kR(1200 — R)
- = —

where R(t) is the number of students of that school who have heard the rumour at time ¢,
measured in days, and where k is a positive constant.

On Monday morning (t = 0), 100 students had heard the rumour.

Solve the differential equation to find an expression that relates R, k and t.

1 1/1 1
Note that =—(-4+—).
otetha y(x=y) x(y+x—y)

63



(ii)

By Wednesday morning 250 students had heard the rumour. Calculate the value of k.

(iii)

R (students)

Sketch the shape of a graph of R against t to show how the model predicts the spread of the
rumour.

F 3

400 600 800 1000 1200

200

5 10 15 20 25 30
t (days)
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Question 6

A learner driver is practising driving around a roundabout.

The motion of the car may be modelled as horizontal circular motion around centre O, with
radius r and constant angular speed w, as in the diagram above.

(i)  Write an expression for §, the displacement of the car relative to O at any time t, in terms of
r, w and t. Your expression should use the unit vectors 7 and J.

Note that t = 0 when § is along the 7 axis.

(ii) Derive an expression for ¥, the velocity of the car at any time t.

65



(i)

Use a dot product calculation to show that the car’s velocity and displacement are always
perpendicular to each other.

(iv)

Show that the acceleration of the car is always directed towards O.

66



(v) Derive an expression for the maximum velocity the car could have as it travels around the
roundabout, without slipping. Your expression should be written in terms of r, g and y, the
coefficient of friction between the car and the road.

(vi) Use dimensional analysis to show that the units for the expression you derived in part (v) are
equivalent to the units for velocity.

(vii) Do you think the assumptions made in developing this model were appropriate?
Explain your answer.

67



Question 7

(a) A bungee jumper of mass 75 kg jumps from a height of 35 m above water. The jumperis
tied to an elastic rope of natural length 12 m and elastic constant 100 N m™.

(i) Derive an expression for the work done when a spring of elastic constant k N m™ is
stretched by x m.

68



(ii)

The motion of the bungee jumper may be modelled using the principle of conservation of
energy. Using this model, calculate the distance between the water and the bungee jumper
when the bungee jumper is at the lowest point of their motion.

69



(b)

(i)

A small smooth moveable disk D, of mass 0.2 kg, rests
on a light inextensible string. One end of the string is
connected to block B, of mass 4 kg, which rests on a
rough plane inclined at 30° to the horizontal.

The other end of the string is connected vertically to a
fixed point.

The coefficient of friction between block B and the
inclined plane is 1—10.

When the system is released from rest, D moves
upwards with acceleration a.

The tension in the stringis T.

Show, on separate diagrams, the forces acting on block B and disk D while they are moving.

30°

o

D

(ii)

Explain why the acceleration of B is 2a.

70



(iii)

Calculateaand T.

71



Question 8

A group of scientists are investigating the population, P, of rabbits on a certain island. They
estimate that there are 8000 rabbits on the island and that the population is growing at a
constant rate of 3% per year.

The scientists plan to remove a number of rabbits from the island every year, to help populate
another habitat. They develop mathematical models to predict how P will change if B rabbits are
removed from the island every year.

The first model which the scientists develop uses a difference equation to express the population
of rabbits in year n + 1 in terms of the population in year n.

The difference equation is:
Pn+1 = 1-03Pn - B
wheren = 0,n € Z and P, = 8000.

(i)  Solve this difference equation to find an expression for P, in terms of n and B.

72



The second model which the scientists develop uses a differential equation to express the rate of
change of P with respect to n, time measured in years.

The differential equation is:

dP
— =0.03P—-B
dn

wheren > 0,n € Rand P(0) = 8000.

(ii) Solve this differential equation to find an expression for P in terms of n and B.

73



The scientists want to know what each model predicts the rabbit population on the island will be
after 50 years, if 200 rabbits are removed each year.

(iii) Calculate Ps using the first model and P(50) using the second model, when B = 200.

(iv) Each of these models makes a different assumption about the removal of the rabbits from
the island. What are the two different assumptions?

(v) The scientists want to know what value of B should be chosen so as to keep the rabbit
population on the island constant. Calculate this value of B using either model.
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Question 1

(a)

(i)

A directed graph is represented by the adjacency matrix M, where

AB C D E F

1

TR O
corC

0

2

oo RO

1

0

S OO R

1

0
1
0
0
0
y

oONO NSO O

Use the nodes below to draw a graph represented by M.

OO O O

LaH

(i)

Write down a cycle which starts at node B.
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