
Proof of Trig Identities: 

1) To prove: 𝐜𝐨𝐬𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑨 = 𝟏 

 

Using Pythagoras Theorem: 

(cos 𝐴)2 + (sin 𝐴)2 = (1)2 

=> cos2 𝐴 + sin2 𝐴 = 1 

 
 

2) To prove: 𝐜𝐨𝐬(𝑨 − 𝑩) = 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬 𝑩 + 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩 

Let 𝑃(cos 𝐴 , sin 𝐴) and 𝑄(cos 𝐵 , sin 𝐵) be two points on a unit circle. 

Using distance formula: 

|𝑃𝑄| = √(cos 𝐴 − cos 𝐵)2 + (sin 𝐴 − sin 𝐵)2 

|𝑃𝑄|2 = cos2 𝐴 + cos2 𝐵 − 2 cos 𝐴 cos 𝐵 + sin2 𝐴 + sin2 𝐵 − 2 sin 𝐴 sin 𝐵 

   = (cos2 𝐴 + sin2 𝐴) + (cos2 𝐵 + sin2 𝐵) − 2(cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵) 

= 1 + 1 − 2(cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵) 

= 2 − 2(cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵) 

Using Cosine Rule to find |PQ| instead: 

|𝑃𝑄|2 = (1)2 + (1)2 − 2(1)(1) cos(𝐴 − 𝐵) 

       => |𝑃𝑄|2 = 2 − 2 cos(𝐴 − 𝐵) 

Equating the two expressions for |𝑃𝑄|2: 

2 − 2 cos(𝐴 − 𝐵) = 2 − 2(cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵)            (−2) 

              => −2 cos(𝐴 − 𝐵) = −2(cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵)               (÷ −2) 

 => cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 

 
 

 

 

 

3) To prove: 𝐜𝐨𝐬(𝑨 + 𝑩) = 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬 𝑩 − 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩 

We know from (2) that:  

cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 

If we fill in −𝐵 instead of 𝐵: 

cos(𝐴 − (−𝐵)) = cos 𝐴 cos(−𝐵) + sin 𝐴 sin(−𝐵) 

=> cos(𝐴 + 𝐵) = cos 𝐴 cos(−𝐵) − sin 𝐴 sin(−𝐵) 

Since cos(−𝐵) = cos(𝐵) and sin(−𝐵) = − sin(𝐵) 

=> cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 



4) To prove: 𝐬𝐢𝐧(𝑨 + 𝑩) = 𝐬𝐢𝐧 𝑨 𝐜𝐨𝐬 𝑩 + 𝐜𝐨𝐬 𝑨 𝐬𝐢𝐧 𝑩 

We know from (2) that cos(𝐴 − 𝐵) = cos 𝐴 cos 𝐵 + sin 𝐴 sin 𝐵 

If we fill in 90 − 𝐴 instead of 𝐴, we get: 

cos((90 − 𝐴) − 𝐵) = cos(90 − 𝐴) cos 𝐵 + sin(90 − 𝐴) sin 𝐵 

 

From the diagram on the right: 

sin(90 − 𝐴) =
𝑥

𝑦
= cos 𝐴 

cos(90 − 𝐴) =
𝑧

𝑦
= sin 𝐴 

 
=> cos((90 − 𝐴) − 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 

=> cos(90 − (𝐴 + 𝐵)) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 

=> sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 

 

5) To prove: 𝐬𝐢𝐧(𝑨 − 𝑩) = 𝐬𝐢𝐧 𝑨 𝐜𝐨𝐬 𝑩 − 𝐜𝐨𝐬 𝑨 𝐬𝐢𝐧 𝑩 

We know from (4) that sin(𝐴 + 𝐵) = sin 𝐴 cos 𝐵 + cos 𝐴 sin 𝐵 

If we fill in −𝐵 instead of 𝐵: 

sin(𝐴 + (−𝐵)) = sin 𝐴 cos(−𝐵) + cos 𝐴 sin(−𝐵) 

=> sin(𝐴 − 𝐵) = sin 𝐴 cos(−𝐵) + cos 𝐴 sin(−𝐵) 

Since cos(−𝐵) = cos(𝐵) and sin(−𝐵) = − sin(𝐵) 

=> sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵 

 

6) To prove: 𝐜𝐨𝐬 𝟐𝑨 = 𝐜𝐨𝐬𝟐 𝑨 − 𝐬𝐢𝐧𝟐 𝑨 

We know from (3) that cos(𝐴 + 𝐵) = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵 

If we replace 𝐵 by 𝐴 we get: 

cos(𝐴 + 𝐴) = cos 𝐴 cos 𝐴 − sin 𝐴 sin 𝐴 

=> cos 2𝐴 = cos2 𝐴 − sin2 𝐴 

 
 

 

 

 



7) To prove: 𝐭𝐚𝐧(𝑨 + 𝑩) =
𝐭𝐚𝐧 𝑨 + 𝐭𝐚𝐧 𝑩

𝟏 − 𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩
 

 

tan(𝐴 + 𝐵) =
sin(𝐴+𝐵)

cos(𝐴+𝐵)
=

sin 𝐴 cos 𝐵+cos 𝐴 sin 𝐵

cos 𝐴 cos 𝐵+sin 𝐴 sin 𝐵
       Using (3) and (4) 

We now divide each of the four terms by cos 𝐴 cos 𝐵: 

tan(𝐴 + 𝐵) =

sin 𝐴 cos 𝐵
cos 𝐴 cos 𝐵 +

cos 𝐴 sin 𝐵
cos 𝐴 cos 𝐵

cos 𝐴 cos 𝐵
cos 𝐴 cos 𝐵 +

sin 𝐴 sin 𝐵
cos 𝐴 cos 𝐵

 

 

=> tan(𝐴 + 𝐵) =
tan 𝐴 + tan 𝐵

1 − tan 𝐴 tan 𝐵
 

 
 

8) To prove: Sine Rule: 
𝒂

𝐬𝐢𝐧 𝑨
=

𝒃

𝐬𝐢𝐧 𝑩
=

𝒄

𝐬𝐢𝐧 𝑪
 

 

Area of the triangle shown = 
1

2
𝑎𝑏 sin 𝐶 

1

2
𝑎𝑏 sin 𝐶 =

1

2
𝑎𝑐 sin 𝐵 =

1

2
𝑏𝑐 sin 𝐴  

Dividing all three by 
1

2
𝑎𝑏𝑐 gives: 

1

2
𝑎𝑏 sin 𝐶

1

2
𝑎𝑏𝑐

=
1

2
𝑎𝑐 sin 𝐵

1

2
𝑎𝑏𝑐

=
1

2
𝑏𝑐 sin 𝐴

1

2
𝑎𝑏𝑐

  

=> 
sin 𝐶

𝑐
=

sin 𝐵

𝑏
=

sin 𝐴

𝑎
 

=> 
𝑎

sin 𝐴
=

𝑏

sin 𝐵
=

𝑐

sin 𝐶
 

 

 

 

 

9) To prove: Cosine Rule: 𝒂𝟐 = 𝒃𝟐 + 𝒄𝟐 − 𝟐𝒃𝒄 𝐜𝐨𝐬 𝑨 

Consider the triangle shown on the right. 

Using the distance formula to find 𝑎: 

𝑎 = √(𝑏 cos 𝐴 − 𝑐)2 + (𝑏 sin 𝐴 − 0)2 

=> 𝑎2 = 𝑏2 cos2 𝐴 + 𝑐2 − 2𝑏𝑐 cos 𝐴 + 𝑏2 sin2 𝐴 

=> 𝑎2 = 𝑏2(cos2 𝐴 + sin2 𝐴) + 𝑐2 − 2𝑏𝑐 cos 𝐴 

=> 𝑎2 = 𝑏2(1) + 𝑐2 − 2𝑏𝑐 cos 𝐴 

=> 𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴 

 

 

Note: 

 

cos 𝐴 =
𝑥

𝑏
 

=> 𝑥 = 𝑏 cos 𝐴  

sin 𝐴 =
𝑦

𝑏
 

=> 𝑦 = 𝑏 sin 𝐴 

 


